Abstract. Cao & Yuan obtained a Blichfeldt-type result for the vertex set of the edge-to-edge tiling of the plane by regular hexagons. Observing that every Archimedean tiling is the union of translates of a fixed lattice, we take a more general viewpoint and investigate basic questions for such point sets about the homogeneous and inhomogeneous problem in the Geometry of Numbers. The Archimedean tilings nicely exemplify our results.
Introduction
We are motivated by a work of Cao & Yuan [2] who established a planar variant of a classical theorem of Blichfeldt in the Geometry of Numbers. In fact, they were interested in replacing the integer lattice Z 2 by the vertex set of the Archimedean tiling of the plane by regular hexagons. Their study suggests a conceptual investigation for the vertex set of any Archimedean tiling, which we offer below. The interest in extending classical results to these special sets was initiated by a paper of Ding & Reay [3] from 1987, on variants of Pick's theorem.
The structural property that the Archimedean tilings all share, is that their vertex sets are finite unions of translates of a fixed lattice. Taking this general viewpoint, we extend fundamental results in the Geometry of Numbers on the homogeneous and inhomogeneous problem to this setting. The Blichfeldt-type theorems for the Archimedean tilings then drop out as a very special case. It turns out that the elegant arguments that led to the results for lattices can often be adapted without much effort. To this end, we focus only on the most fundamental questions in order to illustrate the flavor of the possible findings and the consequences for the Archimedean tilings.
Before we procced, we introduce some basic notation and terminology. A lattice is a discrete subgroup of R n , and in this paper it is always assumed to be of full-rank. Each lattice Λ can be defined by a basis matrix B ∈ R n×n as Λ = BZ n , which also allows to define the determinant of Λ to be det(Λ) = | det(B)|. Given a (Lebesgue-)measurable set X, its volume, interior, and closure are denoted by vol(X), int(X), and X, respectively. A set X is called o-symmetric if X = −X. For a vector t ∈ R n , and a second set Z, we define the translate X + t of X by t, and the Minkowski-sum X + Z of X and Z as usual. A standard textbook on the Geometry of Numbers is that of Gruber & Lekkerkerker [5] to which we refer for extended background information. We use basic notions and results on lattices without explicit mention, and instead suggest the reader to consult [5] , or the more recent book of Gruber [4] .
Geometry of discrete lattice-periodic sets
A fundamental principle concerning lattice points in measurable sets was introduced by Blichfeldt [1] (cf. [5, §6] ): Given a bounded measurable set D ⊆ R n and a lattice Λ, there exists a translation z ∈ R n such that
This result is at the heart of the Geometry of Numbers and spurred important developments in this discipline (cf. [5, Ch. 2] ). It is thus no surprise that it has been repeatedly extended and generalized. With our application to Archimedean tilings in mind, we subsequently formulate Blichfeldt's principle for finite unions of translates of a fixed lattice, and then derive consequences regarding a Minkowski-type theorem and basic covering statements.
A set X ⊆ R n is called lattice-periodic with period lattice Λ ⊆ R n if X + z = X, for every z ∈ Λ. A subset X ⊆ R n is called discrete, if every bounded subset of R n contains only finitely many points of X. Given a lattice Λ, the union
of its translates by points v 1 , . . . , v k ∈ R n is clearly discrete and latticeperiodic. Indeed, every discrete lattice-periodic set is of this form.
In order to see this, let {b 1 , . . . , b n } be a basis of Λ and let
be the corresponding half-open fundamental cell. Since X is discrete there are finitely many points of X in P which we call
In the sequel, we always assume that the v i are such that
2.1. The homogeneous problem for discrete lattice-periodic sets. Although usually the version (2.1) is cited as Blichfeldt's theorem, his work [1] actually contains a much more general version. In modern language it reads as follows.
Let P be a parallelepiped, that is, an affine image of a cube, and let T ⊆ R n be a set of translation vectors such that t∈T (P + t) = R n and (int(P ) + t) ∩ (int(P ) + s) = ∅, for any distinct s, t ∈ T . Theorem 2.1 (Blichfeldt [1] ). Let D ⊆ R n be a bounded measurable set, and let V ⊆ R n and k ∈ N be such that i) #(V ∩ (P + t)) = #(V ∩ (int(P ) + t)) = k, for every t ∈ T , and ii) V ∩ (P + t) is congruent to V ∩ (P + s), for every s, t ∈ T . Then, there exists a translation z ∈ R n with
The version (2.1) is the case of V = Λ being a lattice, and where P is a suitable translate of a fundamental cell of Λ. Discrete lattice-periodic sets fulfill the conditions in Theorem 2.1. Since in this case the resulting bound turns out to be best possible, we include it as a separate statement.
Then, for every bounded measurable set D ⊆ R n , there exists a translation z ∈ R n such that
Moreover, the inequality is best possible for any V .
Proof. Let P be a fundamental cell of the lattice Λ. In particular, we have
and x∈Λ (x + P ) = R n . Since V is a discrete set, there is a translate P of P such that #(V ∩ P ) = #(V ∩ int(P )). By the periodicity of V , we clearly get that #(V ∩ (P + x)) = #(V ∩ (int(P ) + x)) = k, and V ∩ (x + P ) = x + (V ∩ P ), for every x ∈ Λ. Therefore, in view of Theorem 2.1 there exists a z ∈ R n such that
We finish the proof by showing that the inequality is best possible. For ε > 0, we write P ε = (1 − ε)P and observe that for D = P ε and ε small enough the just proven lower bound evaluates to vol(Pε)·k det(Λ) + 1 = (1 − ε) n k + 1 = k. Now, assume that there exists a translation z ∈ R n such that z + P ε contains at least k+1 points of V , say z 0 , z 1 , . . . , z k . The pigeonhole principle provides us with a pair of indices 0 ≤ i < j ≤ k such that z i + Λ = z j + Λ, that is, z i − z j ∈ (Λ − Λ) \ {0}. As a consequence we find
which is in contradiction with (2.3).
One of the many applications of Blichfeldt's principle is an alternative proof of Minkowski's fundamental theorem. This is an instance of the homogeneous problem in the Geometry of Numbers: What are conditions for a convex set to contain a non-zero lattice point?
Minkowski [8] (cf. [5, §5] ) showed that given a closed o-symmetric convex set K ⊆ R n and a lattice Λ ⊆ R n such that vol(K) ≥ 2 n det(Λ), there will always be a non-zero point w ∈ K ∩ Λ. Using Theorem 2.2, this extends to discrete lattice-periodic sets as follows.
. . , v k ) be a discrete lattice-periodic set, and let K ⊆ R n be a closed o-symmetric convex set with
Proof. The proof goes along the exact same lines as the one given in [5, §7.2, Thm. 1]. By assumption, vol(
k , and hence by Theorem 2.2, there exists some z ∈ R n and some points v 1 , . . . , v +1 ∈ V , such that z +v i ∈ 1 2 K, for i = 1, . . . , + 1. Putting u i = v i+1 − v 1 , for i = 1, . . . , , we obtain that ±u i = 0 are pairs of points that are contained in
2 K, which equals K due to its convexity. Together with the origin, this makes 2 + 1 points contained in K ∩ (V − V ) and thus proves part i).
For part ii), we first observe that if V −V = V ∪(−V ), we necessarily have 0 ∈ V . Moreover, at least one of the previously constructed points u i and −u i is contained in V , for every i = 1, . . . , , and hence # (K ∩ V ) ≥ + 1.
Remark 2.4. Guihéneuf & Joly [7] recently proved a Minkowski-type theorem for general quasicrystals, and they note that this is actually a result on the difference set of the point set in question. In this spirit, the first part of Theorem 2.3 seems to be the more natural. If V is a lattice, then clearly V − V = V , so part i) extends Minkowski's theorem.
The inhomogeneous problem for discrete lattice-periodic sets.
In contrast to the homogeneous problem the inhomogeneous problem asks for conditions on a given set such that every of its translates contains a lattice point. Note that this is a covering condition: In fact, every translate of D ⊆ R n contains a point of a lattice Λ if and only if D + Λ = R n .
The fundamental fact is now that every measurable set D with D+Λ = R n necessarily has a volume at least as large as the determinant of Λ (see [5, §13.5] ). This extends almost verbatim to every discrete lattice-periodic set.
. . , v k ) be a discrete lattice-periodic set and let D ⊆ R n be bounded and measurable. If
k . Proof. The proof follows the standard arguments for the lattice case: Let P be a fundamental cell of the lattice Λ. Since all the upcoming sums are finite, we have
where the last inequality holds due to the assumption D + V = R n .
Another instance of the inhomogeneous problem can be derived from the assumption that we are given two domains D 1 , D 2 ⊆ R n with the property To this end, let χ i be the characteristic function of D i , for i = 1, 2, that is, χ i (x) equals 1 if x ∈ D i , and 0 otherwise. Let
By ii), we have ϕ i (x) ≤ , for every x ∈ R n and i = 1, 2. Let P be a fundamental cell of Λ. Then,
Therefore, using i), we get
Since ϕ i (x) ∈ Z and vol(P ) = det(Λ), this implies that there is some x ∈ P such that ϕ 1 (x) + ϕ 2 (x) ≥ + 1. Together with ϕ i (x) ≤ , we get that 1 ≤ ϕ i (x) ≤ , and hence there are + 1 points u 1 , . . . , u +1 ∈ V and some 1 ≤ p ≤ , such that 
Application to vertex sets of Archimedean tilings
An Archimedean tiling is a tiling of the plane with the following properties: (1) all tiles are regular polygons; (2) the tiling is edge-to-edge, that is, every two tiles intersect in a common vertex or edge, or not at all; (3) the tiling is vertex-transitive, that is, for every two vertices there is a symmetry of the tiling that takes one to the other. By the third of these properties, one can identify an Archimedean tiling by the ordered sequence of polygons meeting at a fixed vertex. More precisely, we write (n 1 .n 2 · · · n t ) for the tiling where at each vertex, an n 1 -gon is next to an n 2 -gon which is next to an n 3 -gon, and so forth. We also group repeated occurences of the same n i -gon into exponents, so for example, the tiling consisting only of squares is denoted by (4 4 ) = (4.4.4.4).
It is well-known that there are exactly 11 Archimedean tilings. Three tilings with one type of tile: (4 4 ), (3 6 ), (6 3 ), six tilings with two types of tiles: (3 3 .4 2 ), (3.6.3.6), (3 2 .4.3.4), (4.8 2 ), (3 4 .6), (3.12 2 ), and two tilings with three types of tiles: (3.4.6.4), (4.6.12). We refer to [6] for a proof of this classification, more background information, and illustrations for each of the tilings. Here, in Figure 1 , we exemplify the Archimedean tilings by an illustration of (4.8 2 ). As discussed in the introduction, our starting point for this work is the Blichfeldt-type result by Cao & Yuan [2] for what they call H-points, that is, vertices of the tiling (6 3 ). The set of vertices of an Archimedean tiling is in general not a lattice. Thus, a study of Blichfeldt's principle for the lattice Λ in (2.1) replaced by these discrete sets is of interest. However, we see below that the vertex sets of all 11 tilings are special cases of discrete lattice-periodic sets, and hence they obey the results derived in Section 2. 4 2 ), and (3 4 .6). Moreover, for the (6 3 ) tiling, Theorem 2.3 guarantees at least two points in D ∩ H under the condition that vol(D) ≥ 3 √ 3, which is clearly weaker than Theorem 3.1. Hence, in order to get optimal Minkowski-type results, a particular study for each Archimedean tiling seems to be necessary. Figure 2 . Every translate of the shaded hexagon contains at least three vertices of (3.6.3.6).
Finally, we discuss an example of an Archimedean tiling that illustrates Theorem 2.6. The shaded hexagon in Figure 2 has the property that each of its translates contains at least three vertices of the (3.6.3.6) tiling.
Again, this can be explained generally on a discrete lattice-periodic set V = L(Λ, v 1 , . . . , v k ). Let P and Q be two fundamental cells of Λ, and for ε > 0, let D 1 = (1−ε)P and D 2 = (1−ε)Q. Since vol(P ) = vol(Q) = det(Λ), for ε small enough and = k, we get that vol(D 1 ) + vol(D 2 ) > det(Λ) k and # ((z + D i ) ∩ V ) ≤ = k, for i = 1, 2 and every z ∈ R n . The latter follows from the arguments in the proof of Theorem 2.2. Therefore, the assumptions of Theorem 2.6 are satisfied, and as a result every translate of D 1 − D 2 = (1 − ε)(P − Q) contains at least k points of V − V . Now, we specialize to V being the vertex set of (3.6.3.6). This tiling has the property that in fact we have V − V = V ∪ (−V ) = V , and from Table 1 we know that k = 3. The difference set of two rectangles is either a rectangle, a hexagon, or an octagon.
